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QUANTUM TRAJECTORIES, STATE DIFFUSION AND TIME
ASYMMETRIC EVENTUM MECHANICS
V P BELAVKIN
Abstract. We show that the quantum stochastic Langevin model for contin-
uous in time measurements provides an exact formulation of the Heisenberg
uncertainty error-disturbance principle. Moreover, as it was shown in the 80’s,
this Markov model induces all stochastic linear and non-linear equations of the
phenomenological ”quantum trajectories” such as quantum state diffusion and
spontaneous localization by a simple quantum filtering method. Here we prove
that the quantum Langevin equation is equivalent to a Dirac type boundary-
value problem for the second-quantized input ”offer waves from future” in one
extra dimension, and to a reduction of the algebra of the consistent histories
of past events to an Abelian subalgebra for the “trajectories of the output
particles”. This result supports the wave-particle duality in the form of the
thesis of Eventum Mechanics that everything in the future is constituted by
quantized waves, everything in the past by trajectories of the recorded parti-
cles. We demonstrate how this time arrow can be derived from the principle
of quantum causality for nondemolition continuous in time measurements.
1. Introduction
Quantum mechanics itself, whatever its interpretation, does not ac-
count for the transition from ‘possible to the actual’ - Heisenberg.
Schro¨dinger believed that all problems of interpretation of quantum mechanics
including the above problem for time arrow should be formulated in continuous time
in the form of differential equations. He thought that the quantum jump problem
would have been resolved if quantum mechanics had been made consistent with
relativity theory of events and the time had been treated appropriately as a future
– past boundary value problem of a microscopic information dynamics. However
Einstein and Heisenberg did not believe this, each for his own reasons.
Although Schro¨dinger did not succeed in finding the ‘true Schro¨dinger equation’
so he could formulate the boundary value problem for such ‘eventum mechanics’,
the analysis of the phenomenological stochastic models for quantum diffusions and
spontaneous jumps proves that Schro¨dinger was right. We shall see that there ex-
ists indeed a boundary value problem for the ‘true Schro¨dinger equation’ which
corresponds to quantum jumps and diffusive trajectories which is as continuous as
Schro¨dinger could have wished, but it is not the usual Schro¨dinger, but an ultra-
relativistic (massless) Dirac type boundary value problem in second quantization.
However Heisenberg was also right, as in order to take into account for these tran-
sitions by filtering the actual past events simply as it is done in classical statistics,
the corresponding Dirac type boundary value problem must be supplemented by
future-past superselection rule for the total algebra as it follows from the nonde-
molition causality principle [1]. This principle demands the arrow of time, and it
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cannot be formulated in the orthodox quantum mechanics as it involves infinitely
many degrees of freedom, and is yet unknown even in the quantum field theory.
Here we shall deal with quantum white noise models which allow us to formulate
the most general stochastic decoherence equation which was derived in [49] from the
unitary quantum Langevin equation. We shall start with a simple quantum noise
model and show that it allows us to prove the ‘true Heisenberg principle’ in the form
of an uncertainty relation for measurement errors and dynamical perturbations.
The discovery of quantum thermal noise and its white-noise approximations lead
to a profound revolution not only in modern physics but also in contemporary
mathematics comparable with the discovery of differential calculus by Newton (for
a feature exposition of this, accessible for physicists, see [21], the complete theory,
which was mainly developed in the 80’s [3, 22, 23, 24], is sketched in the Appendix)
Then we formulate the corresponding boundary value problem of the Eventum
Mechanics - the extended quantum mechanics with a superselection causality rule
in which there is a place for microscopic events and trajectories. The dynamics of
this event-enhanced quantum mechanics is described by a one-parametric group of
unitary propagators on an extended Hilbert space, as in the conventional quantum
mechanics, however it is essentially irreversible, as the induced Heisenberg dynamics
forms only a semigroup of invertible endomorphisms (but not of automorphisms!)
in the positive arrow of time chosen by the causality.
During the 90’s many “primary” quantum theories appeared in the theoretical
and applied physics literature, in particular, the quantum state diffusion theory
[12, 13], where a particular type of the nonlinear quantum filtering stochastic equa-
tion have been used without even a reference to the continuous measurements.
The recent phenomenological models for quantum trajectories in quantum optics
[14, 15, 16, 17, 19, 18] are also based on the stochastic solutions to quantum jump
equations, although the underlying boundary value problems of eventum mechan-
ics and the corresponding quantum stochastic filtering equations of mathematical
physics remain largely unknown in the general physics. An exception occurred only
in [19, 20], where our quantum stochastic filtering theory which had been devel-
oped for these purposes in the 80’s, was well understood both at a macroscopic and
microscopic level. We complete this paper by formulating and discussing the basic
principles of the eventum mechanics as microscopic time asymmetric information
dynamics, which may include also classical mechanics, and which is consistent with
the quantum decoherence and quantum measurement.
2. The true Heisenberg principle
The first time-continuous model of the dynamical quantum measurement [3] was
motivated by analogy with the classical stochastic filtering problem which obtains
the prediction of the future for an unobservable dynamical process x (t) by time-
continuous measuring of another, observable process y (t). Such problems were first
considered by Wiener and Kolmogorov who found the solutions in the form of a
causal spectral filter for a linear estimate xˆ (t) of x (t) which is optimal only in
the stationary Gaussian case. The complete solution of this problem was obtained
by Stratonovich [28] in 1958 who derived a stochastic filtering equation giving the
posterior expectations xˆ (t) of x (t) in the arbitrary Markovian pair (x, y). This
was really a break through in the statistics of stochastic processes which soon
found many applications, in particular for solving the problems of stochastic control
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under incomplete information (it is possible that this was one of the reasons why
the Russians were so successful in launching the rockets to the Moon and other
planets of the Solar system in 60s).
If X (t) is an unobservable Heisenberg process, or vector of such processesXk (t),
k = 1, . . . , d which might even have no prior trajectories as the Heisenberg coordi-
nate processes of a quantum particle say, and Y (t) is an actual observable quantum
processes, i.e. a sort of Bell’s beable describing the vector trajectory y (t) of the
particle in a cloud chamber say, why don’t we find the posterior trajectories by
deriving and solving a filtering equation for the posterior expectations xˆ (t) of X (t)
or any other function of X (t), defining the posterior trajectories x
(
t, y
t]
0
)
in the
same way as we do it in the classical case? If we had a dynamical model in which
such beables existed as a nondemolition process, we could solve this problem simply
by conditioning as the statistical inference problem, predicting the future knowing
a history, i.e. a particular trajectory y (r) up to the time t. This problem was
first considered and solved by finding a nontrivial quantum stochastic model for
the Markovian Gaussian pair (X,Y ). It corresponds to a quantum open linear sys-
tem with linear output channel, in particular for a quantum oscillator matched to
a quantum transmission line [3, 4]. By studying this example, the nondemolition
condition
[Xk (s) , Y (r)] = 0, [Y (s) , Y (r)] = 0 ∀r ≤ s
was first found, and this allowed the solution in the form of the causal equation for
x
(
t, y
t]
0
)
= 〈X (t)〉
y
t]
0
.
Let us describe this exact dynamical model of the causal nondemolition measure-
ment first in terms of quantum white noise for a quantum nonrelativistic particle
of mass m which is conservative if not observed, in a potential field φ. But we shall
assume that this particle is under a time continuous indirect observation which
is realized by measuring of its Heisenberg position operators Qk (t) with additive
random errors ek (t) :
Y k (t) = Qk (t) + ek (t) , k = 1, . . . , d.
We take the simplest statistical model for the error process e (t), the white noise
model (the worst, completely chaotic error), assuming that it is a classical Gaussian
white noise given by the first momenta〈
ek (t)
〉
= 0,
〈
ek (s) el (r)
〉
= σ2eδ (s− r) δ
k
l .
The components of measurement vector-process Y (t) should be commutative, sat-
isfying the causal nondemolition condition with respect to the noncommutative
process Q (t) (and any other Heisenberg operator-process of the particle), this can
be achieved by perturbing the particle Newton-Ehrenfest equation:
m
d2
dt2
Q (t) +∇φ (Q (t)) = f (t) .
Here f (t) is vector-process of Langevin forces fk perturbing the dynamics due to
the measurement, which are also assumed to be independent classical white noises
〈fk (t)〉 = 0, 〈fk (s) fl (r)〉 = σ
2
fδ (s− r) δ
k
l .
In classical measurement and filtering theory the white noises e (t) , f (t) are usually
considered independent, and the intensities σ2e and σ
2
f can be arbitrary, even zeros,
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corresponding to the ideal case of the direct unperturbing observation of the par-
ticle trajectory Q (t). However in quantum theory corresponding to the standard
commutation relations
Q (0) = Q,
d
dt
Q (0) =
1
m
P,
[
Qk,Pl
]
= i~δkl I
the particle trajectories do not exist such that the measurement error e (t) and
perturbation force f (t) should satisfy a sort of uncertainty relation. This “true
Heisenberg principle” had never been mathematically proved before the discovery
[3] of quantum causality in the form of nondemolition condition of commutativity
of Q (s), as well as any other process, the momentum P (t) = mQ˙ (t) say, with all
Y (r) for r ≤ s. As we showed first in the linear case [3, 4], and later even in the
most general case [27], these conditions are fulfilled if and only if e (t) and f (t)
satisfy the canonical commutation relations[
ek (r) , el (s)
]
= 0,
[
ek (r) , fl (s)
]
=
~
i
δ (r − s) δkl , [fk (r) , fl (s)] = 0.
From this it follows that the pair (e, f) satisfy the uncertainty relation σeσf ≥ ~/2.
This inequality constitutes the precise formulation of the true Heisenberg principle
for the square roots σe and σf of the intensities of error e and perturbation f : they
are inversely proportional with the same coefficient of proportionality, ~/2, as for
the pair (Q,P). Note that the canonical pair (e, f) called quantum white noise can-
not be considered classically, despite the fact that each process e and f separately
can. This is why we need a quantum-field representation for the pair (e, f), and the
corresponding quantum stochastic calculus. Thus, a generalized matrix mechanics
for the treatment of quantum open systems under continuous nondemolition ob-
servation and the true Heisenberg principle was discovered 20 years ago only after
the invention of quantum white noise in [3]. The nondemolition commutativity of
Y (t) with respect to the Heisenberg operators of the open quantum system was
later rediscovered for the output of quantum stochastic fields in [23].
Let us outline the rigorous quantum stochastic model [5, 27] for a quantum
particle of mass m in a potential φ under indirect observation of the positions
Qk (t) by continual measuring of continuous integral output processes Y tk . We will
define the output processes Y tk as a quantum stochastic Heisenberg transformation
Y tk =W (t)
†
(I⊗ yˆtk)W (t) of the standard independent Wiener processes y
t
k = w
t
k,
k = 1, . . . , d, represented in Fock space F0 as the operators yˆ
t
k = A
k
− (t) +A
+
k (t) ≡
wˆtk on the Fock vacuum vector δ∅ ∈ F0 such that w
t
k ≃ wˆ
t
kδ∅ (See the notations
and more about the quantum stochastic calculus in Fock space in the Appendix
3). It has been shown in [5, 27] that as such W (t) one can take a time-continuous
quantum stochastic unitary evolution resolving an appropriate quantum stochastic
Schro¨dinger equation (See the equation (2.3) below). It induces Y tk as the integrals
of the following quantum stochastic output equations
(2.1) dY tk = Qk (t) dt+ dwˆ
t
k,
Here Qk (t) are the system Heisenberg operators X (t) = W (t)
† (X⊗ I0)W (t) for
X = Qk corresponding the system position operators as Q
k = (2λk)
−1
Qk, where
λk are coupling constants defining in general different accuracies of an indirect
measurement in time of Qk, I0 is the identity operator in the Fock space F0. This
model coincides with the signal plus noise model given above with ek (t) being
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independent white noises of intensities squaring σke = (2λk)
−1
, represented as
ek (t) =
1
2
(
a+k + a
k
−
)
(t) =
1
2λk
dwˆtk
dt
,
where a+k (t) , a
k
− (t) are the canonical Bosonic creation and annihilation field oper-
ators,[
a+k (s) , a
+
l (t)
]
= 0,
[
ak− (s) , a
+
l (t)
]
= δkl δ (t− s) ,
[
ak− (s) , a
l
− (t)
]
= 0,
defined as the generalized derivatives of the standard quantum Brownian motions
A+k (t) and A
k
− (t) in Fock space F0. It was proved in [5, 27] that Y
t
k is a com-
mutative nondemolition process with respect to the system Heisenberg coordinate
Q (t) =W (t)
†
(Q⊗ I)W (t) and momentum P (t) = W (t)
†
(P⊗ I)W (t) processes
if they are perturbed by independent Langevin forces fk (t) of intensity σ
2
f = (λk~)
2
,
the generalized derivatives of f tk, where f
t
k = iλk~
(
Ak− −A
+
k
)
(t):
(2.2) dPk (t) + φ
′
k (Q (t)) dt = df
t
k, Pk (t) = m
d
dt
Qk (t) .
Note that the quantum error operators etk = wˆ
t
k commute, but they do not com-
mute with the perturbing quantum force operators f tk in Fock space due to the
multiplication table
(dek)
2
= Idt, dfkdel = i~λkIδ
l
kdt, dekdfl = −i~λlIδ
k
l dt, (dfk)
2
= ~2λ2kIdt.
This corresponds to the canonical commutation relations for their generalized deriva-
tives ek (t) of normalized intensity σ
2
e = 1 and fk (t), so that the true Heisenberg
principle is fulfilled at the boundary σeσf = ~λk. Thus our quantum stochastic
model of nondemolition observation is the minimal perturbation model for the given
accuracies λk of the continual indirect measurement of the position operators Q
k (t)
(the perturbations vanish when λk = 0).
2.0.1. Quantum state diffusion and filtering. Let us introduce the quantum sto-
chastic wave equation for the unitary transformation Ψ0 (t) = W (t) Ψ0 inducing
Heisenberg dynamics which is described by the quantum Langevin equation (2.2)
with white noise perturbation in terms. This equation is well understood in terms
of the generalized derivatives
fk (t) = λk
~
i
(
a+k − a
k
−
)
(t) =
df tk
dt
of the standard quantum Brownian motions A+k (t) and A
k
− (t) defined by the com-
mutation relations[
A+k (s) , A
+
l (t)
]
= 0,
[
Ak− (s) , A
+
l (t)
]
= (t ∧ s) δkl ,
[
Ak− (s) , A
l
− (t)
]
= 0
in Fock space F0 (t ∧ s = min {s, t}). The corresponding quantum stochastic
differential equation
(2.3) dΨ0 (t) + (K⊗ I) Ψ0 (t) dt =
i
~
(
Qk ⊗ df tk
)
Ψ0 (t) , Ψ0 (0) = Ψ0
for the probability amplitude in h⊗F0 is a particular case
L−†k = −L
k
+, L
k
+ = (λQ)
k
≡ Lk
of the general quantum diffusion wave equation
dΨ0 (t) + (K⊗ I)Ψ0 (t) dt =
(
Lk+ ⊗ dA
+
k + L
−
k ⊗ dA
k
−
)
(t)Ψ0 (t)
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which describes the unitary evolution in h⊗F0 if K =
i
~
H− 12L
−
k L
k
+, where H
† = H
is the evolution Hamiltonian for the system in h. Using the quantum Itoˆ formula,
see the Appendix 3, it was proven in [5, 27] that it is equivalent to the Langevin
equation
dZ (t) =
(
g
(
ZL+ L†Z
)
+ L†ZL−K†Z − ZK
)
(t) dt
+
(
gZ + L†Z − ZL
)
(t) dA− +
(
gZ + ZL− L†Z
)
(t) dA+(2.4)
for any quantum stochastic Heisenberg process
Z (t,X, g) = W (t)
†
(
X⊗ exp
[∫ t
0
(
gk (r) dwˆrk −
1
2
g (r)
2
dr
)])
W (t) ,
where gk (t) are a test function for the output process wtk and
K (t) = W (t)
†
(K⊗ I)W (t) , Lk (t) = W (t)
† (
Lk ⊗ I
)
W (t) .
The Langevin equation (2.2) for the system coordinate Q (t) = W (t)
†
(Q⊗ I)W (t)
corresponding to X = Q, g = 0 with the generating exponent Y (t, g) = Z (t, I, g)
for the output processes Y tk = W (t)
† (I⊗ wˆtk)W (t) corresponding to X = I follow
straightforward in the case L = λQ, H = P2/2m+ φ (Q).
In the next section we shall show that this unitary evolution is the interaction
picture for a unitary group evolution U t corresponding to a Dirac type bound-
ary value problem for a generalized Schro¨dinger equation in an extended product
Hilbert space h⊗ G. Here we prove that the quantum stochastic evolution (2.3) in
h ⊗ F0 coincides with the quantum state diffusion in h if it is considered only for
the initial product states ψ ⊗ δ∅ with δ∅ being the Fock vacuum state vector in
F0.
Quantum state diffusion is a nonlinear, nonunitary, irreversible stochastic form
of quantum mechanics with classical histories, called sometimes also quantum me-
chanics with trajectories. It was put forward by Gisin and Percival [12, 13] in the
early 90’s as a new, primary quantum theory which includes the diffusive reduc-
tion process into the wave equation for pure quantum states. It has been criticized,
quite rightly, as an incomplete theory which does not satisfy the linear superposition
principle for the waves, and for not explaining the origin of irreversible dissipativ-
ity which is build into the equation ‘by hands’. In fact the ‘primary’ equation had
been derived even earlier as the posterior state diffusion equation for pure states
ψω = ψ (ω) / ‖ψ (ω)‖ from the linear unitary quantum diffusion equation (2.3) by
the following method as a particular type of the general quantum filtering equation
in [5, 29, 33]. Here we shall show only how to derive the corresponding stochastic
linear decoherence equation {??) for ψ (t, w) = V (t, w)ψ when all the independent
increment processes ytk are of the diffusive type y
t
k = w
t
k:
(2.5) dψ (t, ω) +
(
i
~
H+
1
2
Qkλ2kQ
k
)
ψ (t, ω) dt = (λQ)
k
ψ (t, ω) dwtk.
Note that the resolving stochastic propagator V (t, ω) for this equation defines the
isometries
V (t)
†
V (t) =
∫
V (t, ω)
†
V (t, ω) dµ = 1
of the system Hilbert space h into the Wiener Hilbert space L2µ of square integrable
functionals of the diffusive trajectories ω = {w (t)} with respect to the standard
Gaussian measure µ = Pw if K + K
† = L†L.
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Let us represent these Wiener processes in the equation by operators etk = A
+
k +
Ak− on the Fock space vacuum δ∅ using the unitary equivalence w
t
k ≃ e
t
kδ∅ in the
notation explained in the Appendix 3. Then the corresponding quantum stochastic
equation
dψˆ (t) + Kψˆ (t) dt = (λQ)k detkψˆ (t) , ψˆ (0) = ψ ⊗ δ∅, ψ ∈ h
coincides with the quantum diffusion Schro¨dinger equation (2.3) on the same initial
product-states Ψ0 = ψ⊗δ∅. Indeed, as it was noted in [27], due to the adaptedness
ψˆ (t) = ψˆ
t
⊗ δ∅, Ψ0 (t) = Ψ
t
0 ⊗ δ∅
both right had sides of these equations coincide on future vacuum δ∅ if ψˆ
t
= Ψt0 as
(λQ)
k
detkψˆ (t) =
(
LkdA+k + L
†
kdA
k
−
)(
ψˆ
t
⊗ δ∅
)
= Lkψˆ
t
⊗ dA+k δ∅
i
~
Qkdf tkΨ0 (t) =
(
LkdA+k − LkdA
k
−
) (
Ψt0 ⊗ δ∅
)
= LkΨt0 ⊗ dA
+
k δ∅
(the annihilation processes Ak− are zero on the vacuum δ∅). By virtue of the
coincidence of the initial data ψˆ
0
= ψ = Ψ00 this proves that ψˆ (t) is also the
solution Ψ0 (t) = W (t) (ψ ⊗ δ∅) of (2.3) for all t > 0:
dψˆ (t) + Kψˆ (t) dt =
i
~
(
Qk ⊗ df tk
)
ψˆ (t) , ψˆ (0) = ψ ⊗ δ∅, ψ ∈ h.
Note that the latter equation can be written as a classical stochastic Schro¨dinger
equation
(2.6) dψ˜ (t, υ) +
(
i
~
H+
1
2
Qkλ2kQ
k
)
ψ˜ (t, υ) dt =
i
~
(
Qk ⊗ dutk
)
ψ˜ (t, υ)
for the Fourier-Wiener transform ψ˜ (υ) of ψ (ω) in terms of another Wiener pro-
cesses utk having Fock space representations f
t
kδ∅. The stochastic unitary propa-
gator Wˇ (t, υ) resolving this equation on another probability space of υ = {u (t)}
is given by the corresponding transformation Wˇ = V˜ of the nonunitary stochastic
propagator V (t, ω) for the equation (2.5).
Thus the stochastic decoherence equation (2.5) for the continuous observation
of the position of a quantum particle with H = 12mP
2 + φ (Q) was derived for the
unitary quantum stochastic evolution as an example of the general decoherence
equation (??) which was obtained in this way in [5]. It was explicitly solved in
[5, 29, 33] for the case of linear and quadratic potentials φ, and it was shown that
this solution coincides with the optimal quantum linear filtering solution obtained
earlier in [3, 4] if the initial wave packet is Gaussian.
The nonlinear stochastic posterior equation for this particular case was derived
independently by Diosi [6] and (as an example) in [5, 29]. It has the following form
dψw (t) +
(
i
~
H+
1
2
Q˜k (t)λ2kQ˜
k (t)
)
ψw (t) dt = λkQ˜
k (t)ψw (t) dw˜
t
k,
where Q˜ (t) = Q − qˆ (t) with qˆk (t) defined as the multiplication operators by the
components qk (t, w) = ψ†w (t)Q
k (t)ψw (t) of the posterior expectation (statistical
prediction) of the coordinate Q, and
dw˜tk = dw
t
k − 2 (λqˆ)
k
(t) dt = dytk − xˆk (t) dt, xˆk (t) = 2 (λqˆ)
k
(t) .
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Note that the innovating output processes w˜tk are also standard Wiener processes
with respect to the output probability measure dµ˜ = limPr (t, dω), but not with
respect to the Wiener probability measure µ = Pr (0, dω) for the input noise wtk.
Let us give the explicit solution of this stochastic wave equation for the free
particle (φ = 0) in one dimension and the stationary Gaussian initial wave packet
which was found in [5, 29, 33]. One can show [34, 35] that the nondemolition
observation of such particle is described by filtering of quantum noise which results
in the continual collapse of any wave packet to the Gaussian stationary one centered
at the posterior expectation q (t, w) with finite dispersion ‖(qˆ (t)−Q)ψω (t)‖
2
→
2λ (~/m)
1/2
. This center can be found from the linear Newton equation
d2
dt2
z (t) + 2κ
d
dt
z (t) + 2κ2z (t) = −g (t) ,
for the deviation process z (t) = q (t) − x (t), where x (t) is an expected trajectory
of the output process (2.1) with z (0) = q0 − x (0), z
′ (0) = v0 − x
′ (0). Here
κ = λ (~/m)
1/2
is the decay rate which is also the frequency of effective oscillations,
q0 = 〈xˆ〉, v0 = 〈pˆ/m〉 are the initial expectations and g (t) = x
′′ (t) is the effective
gravitation for the particle in the moving framework of x (t). The solution to
the above equation illustrate the continuous collapse z (t) → 0 of the posterior
trajectory q (t) towards a linear trajectory x (t). The posterior position expectation
q (t) in the absence of effective gravitation, x′′ (t) = 0, for the linear trajectory
x (t) = ut − q collapses to the expected input trajectory x (t) with the rate κ =
λ (~/m)
1/2
, remaining not collapsed, q0 (t) = v0t in the framework where q0 = 0,
only in the classical limit ~/m → 0 or absence of observation λ = 0. This is the
graph of
q0 (t) = v0t, q (t) = ut+ e
−κt
(
q cosκt+
(
q + κ−1 (v0 − u)
)
sinκt
)
− q
obtained as q (t) = x (t)+z (t) by explicit solving of the second order linear equation
for z (t).
3. The eventum mechanics realization
Finally, let us describe the Eventum Mechanics underlying all quantum diffusion
and more general quantum noise Langevin models of information dynamics. We
shall see that all such phenomenological models exactly correspond to Dirac type
boundary value problems for a Poisson flow of independent quantum particles in-
teracting with the quantum system under the observation at the boundary r = 0
of the half line R+ in an additional dimension. The second-quantized massless
Dirac equation (3.1) with corresponding boundary condition (3.2), together with
the quantum causality (or nondemolition) superselection rule, is the essence of the
Eventum Mechanics, the new, extended quantum mechanics in which there is a
place for the phenomenological events such as quantum trajectories and sponta-
neous localizations. One can think of the coordinate r > 0 being perpendicular to
the quantum target membrane of a scattering measuring device, or an extra dimen-
sion coordinate as a physical realization of localizable time in our m-brane universe.
At least it is so for any free evolution Hamiltonian ε (p) > 0 of the incoming quan-
tum particles in the ultrarelativistic limit 〈p〉 → −∞ such that the average velocity
in an initial state is a finite constant, c = 〈ε′ (p)〉 → 1 say, see in details on this
limit of an idealized rigid boundary measurement schemes in [37, 38, 39]. Thus we
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are going to solve the following problem of the derivation of time continuous infor-
mation dynamics as the microscopic foundation problem for quantum trajectories,
individual decoherence, state diffusion, or permanent reduction theories:
The dynamical quantum measurement problem.
Let V (t, ω) = V
(
t, w
t]
0
)
, t ∈ R+ be a reduction family of isometries on h into
h⊗L2µ resolving the state diffusion equation (2.5) with respect to the input probability
measure µ = Pw for the standard Wiener noises w
t
k, defining the classical means
M
[
gV (t)†BV (t)
]
=
∫
g
(
w
t]
0
)
V
(
t, w
t]
0
)†
BV
(
t, w
t]
0
)
dPw.
Find a triple (G,A,Φ) consisting of a Hilbert space G = G− ⊗ G+ embedding the
Wiener Hilbert space L2µ by an isometry into G+, an algebra A = A− ⊗ A+ on G
with an Abelian subalgebra A− generated by a compatible continuous family Y
0]
−∞ =
{Y sk , k = 1, . . . , d, s ≤ 0} of observables on G−, and a state-vector Φ
◦ = Φ◦−⊗Φ
◦
+ ∈
G such that there exists a time continuous unitary group U t on H =h⊗G, inducing
a semigroup of endomorphisms B ∋ B 7→ U−tBU t ∈ B, which represents this
reduction on the product algebra B =B (h)⊗ A as
M
[
gV (t)
†
BV (t)
]
= πt (gˆ−t ⊗ B) .
Here πt is the quantum conditional expectation
πt (gˆ−t ⊗ B) = (I⊗ Φ
◦)
†
U−t
(
B⊗ g−t
(
Y
0]
−t
))
U t (I⊗ Φ◦) ,
which provides the dynamical realization of the reduction as the statistically causal
inference about any B ∈ B (h) with respect to the algebra A− of the functionals
gˆ−t = g−t
(
Y
0]
−t
)
of Y
−0]
−t = {Y
s
· : s ∈ (−t, 0]}, all commuting on G, representing
the shifted measurable functionals g−t
(
y
0]
−t
)
= g
(
y
t]
0
)
of y
t]
0 = {y
r
· : r ∈ (0, t]} for
each t > 0 in the center C of the algebra B.
Solution: We have already dilated the state diffusion equation (2.5) to a quan-
tum stochastic unitary evolutionW (t) resolving the quantum stochastic Schro¨dinger
equation (2.3) on the system Hilbert h tensored with the Fock spaceF0 such that
W (t) (I⊗ δ∅) = V (t), where δ∅ ∈ F0 is the Fock vacuum vector. In fact the
state diffusion equation was first derived [5, 29] in this way from even more general
quantum stochastic unitary evolution which satisfy the equation
(I⊗ δ∅)
†
W (t)
†
(
B⊗ g
(
wˆ
t]
0
))
W (t) (I⊗ δ∅) = M
[
gV (t)
†
BV (t)
]
.
Indeed, this equation is satisfied for the model (2.3) as one can easily check for
g
(
w
t]
0
)
= exp
[∫ t
0
(
fk (r) dwrk −
1
2
f (r)
2
dr
)]
given by a test vector function f by conditioning the Langevin equation (2.4) with
respect to the vacuum vector δ∅:
(I⊗ δ∅)
† (dX + (K†X +XK − L†XL− (XL+ L†X) f)dt) (I⊗ δ∅) = 0.
Obviously this equation coincides with the conditional expectation
M
[
dB (t) +
(
K†B (t) +B (t)K− L†B (t) L−
(
B (t)L+ L†B (t)
)
f (t)
)
dt
]
= 0
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for the stochastic process B (t) = V (t)
†
gXV (t) which satisfies the stochastic Itoˆ
equation
dB+gV †
(
K†X+XK− L†XL−
(
XL + L†X
)
f
)
V dt = gV †
(
L†X+XL+ X
)
V dwt.
This however doesn’t give yet the complete solution of the quantum measurement
problem as formulated above because the algebra B0 generated by B⊗ I and the
Langevin forces fˆ tk does not contain the measurement processes wˆ
t
k which do not
commute with fˆ tk, and the unitary family W (t) does not form unitary group but
only cocycle
TtW (s)T−tW (t) =W (s+ t) , ∀s, t > 0
with respect to the isometric but not unitary right shift semigroup Tt in F0.
Let Tt be the one parametric continuous unitary shift group on F
0]⊗F0 extending
the definition from F0. It describes the free evolution by right shifts Φt (ω) =
Φ (ω − t) in Fock space over the whole line R. Then one can easily find the unitary
group
U t = T−t
(
I0 ⊗ I⊗W (t)
)
Tt
on F0⊗h⊗F
0] inducing the quantum stochastic evolution as the interaction repre-
sentation U (t) = TtU
t on the Hilbert space h⊗G0. In fact this evolution corresponds
to an unphysical coordinate discontinuity problem at the origin s = 0 which is not
invariant under the reflection of time t 7→ −t. Instead, we shall formulate the uni-
tary equivalent boundary value problem in the Poisson space G = G− ⊗G+ for two
semi-infinite strings on R+, one is the living place for the quantum noise generated
by a Poisson flow of incoming waves of quantum particles of the intensity ν > 0,
and the other one is for the outgoing classical particles carrying the information
after a unitary interaction with the measured quantum system at the origin r = 0.
The probability amplitudes Φ ∈ G are represented by the G⊗ = g⊗− ⊗ g
⊗
+-valued
functions Φ (υ−, υ+) of two infinite sequences υ± = {±r1,±r2, . . .} ⊂ R+ of the
coordinates of the particles in the increasing order r1 < r2 < . . . such that
‖Φ‖
2
=
∫∫
‖Φ (υ−, υ+)‖
2
Pν (dυ−)Pν (dυ+) <∞
with respect to the product of two copies of the Poisson probability measure Pν
defined by the constant intensity ν > 0 on R+. Here g
⊗ is the infinite tensor
product of g = Cd obtained by the completion of the linear span of χ1 ⊗ χ2 ⊗ . . .
with almost all multipliers χn = ϕ given by a unit vector ϕ ∈ C
d such that the
infinite product ‖Φ (υ)‖ =
∏
r∈υ ‖f (r)‖ for Φ (υ) = ⊗r∈υf (r) with f (rn) = χn is
well defined as it has all but finite number of multipliers ‖χn‖ equal 1. The unitary
transformation ̥ 7→ Φ from a Fock space F ∋ ̥ to the corresponding Poisson one
G can be written as
Φ = lim
t→∞
eϕ
iA+
i
(t)e−ϕkA
k
−
(t)ν−
1
2A
i
i
(t)
̥ ≡ Iν (ϕ)̥,
where ϕk = νϕ¯
k for the Poisson intensity ν > 0 and the unit vector ϕ =
(
ϕi
)
defined
by the initial probability amplitude ϕ ∈ g for the auxiliary particles to be in a state
k = 1, . . . , d. Here Aκι (t) are the QS integrators defined in the Appendix, and the
limit is taken on the dense subspace ∪t>0F
t]
0 of vacuum-adapted Fock functions
̥t ∈ F0 and extended then onto F0 by easily proved isometry ‖̥t‖ = ‖Φt‖ for
Φt = Iν (ϕ)̥t.
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The free evolution in G is the left shift for the incoming waves and the right shift
for outgoing waves,
TtΦ (υ−, υ+) = Φ
(
υt−, υ
t
+
)
,
where υt± = ± [([(−υ−) ∪ (+υ+)]− t) ∩ R±]. It is given by the second quantization
PΦ (υ−, υ+) =
~
i

∑
r∈υ+
∂
∂r
−
∑
r∈υ
−
∂
∂r

Φ (υ−, υ+)
of the Dirac Hamiltonian in one dimension on R+.
In order to formulate the boundary value problem in the space H = h ⊗ G
corresponding to the quantum stochastic equations of the diffusive type (2.3) let us
introduce the notation
Φ
(
0k ⊔ υ±
)
= lim
rց0
(〈k| ⊗ I1 ⊗ I2 . . .)Φ (±r,±r1,±r2, . . .) ,
where 〈k| = d−1/2
(
δk1 , . . . , δ
k
l
)
acts as the unit bra-vector evaluating the k-th
projection of the state vector Φ (±r ⊔ υ±) with r < r1 < r2 < . . . corresponding to
the nearest to the boundary r = 0 particle in one of the strings on R+.
The unitary group evolution U t corresponding to the scattering interaction at the
boundary with the continuously measured system which has its own free evolution
described by the energy operator E = E† can be obtained by resolving the following
generalized Schro¨dinger equation
(3.1)
∂
∂t
Ψt (υ−, υ+) =
i
~
PΨt (t, υ−, υ+) + G
−
+Ψ
t (υ−, υ+) + G
−
k Ψ
t
(
υ−, 0
k ⊔ υ+
)
with the Dirac zero current boundary condition at the origin r = 0
(3.2) Ψt
(
0i ⊔ υ−, υ+
)
= Gi+Ψ
t (υ−, υ+) + G
i
kΨ
t
(
υ−, 0
k ⊔ υ+
)
, ∀t > 0, υ± > 0.
Here G =
[
Gik
]
is unitary, G−1 = G†, the scattering operator S in the simpler
quantum jump boundary value problem corresponding to G+ = 0 = G
−, and the
other system operators Gκι , with ι = −, i and κ = k,+ for any i, k = 1, . . . , d are
chosen as
(3.3) G− + νG†+G = O, G
−
+ +
ν
2
G†+G+ +
i
~
E = O.
Note that these conditions can be written as pseudo-unitarity operator of the fol-
lowing triangular block-matrix
 I G− G−+O G G+
O O I


−1
=

 O O IO νI O
I O O


−1 
 I G− G−+O G G+
O O I


† 
 O O IO νI O
1 O O

 .
As it was proved in [24, 25] this is a necessary (and sufficient if all operators are
bounded) condition for the unitarity W (t)
−1
= W (t)
†
of the cocycle solution
resolving the quantum stochastic differential equation
dΨ0 (t) = (G
ι
κ − δ
ι
κI)Ψ0 (t) dA
κ
ι , Ψ0 (0) = Ψ0
in the Hilbert space H0 = h⊗G0 where G0 is identified with the space G+ = G
⊗⊗L2µ
for the Poisson measure µ = Pν with the intensity ν on R+. This is the general form
for the quantum stochastic equation (2.3) where dA+− = dt in the Poisson space (see
the Appendix for more detail explanations of these notations). Our recent results
partially published in [37, 38, 39] prove that this quantum stochastic evolution
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extended as the identity I− also on the component G− for the scattered particles,
is nothing but the interaction representation U t = T−t (I− ⊗W (t)) for the unitary
group U t resolving our boundary value problem in h⊗G⊗ times the Poisson space
L2µ. Thus the pseudounitarity condition (3.3) is necessary (and sufficient if the
operators Gικ are bounded) for the self-adjointness of the Dirac type boundary
value problem (3.1), (3.2).
The generators Gικ of this boundary value problem define the generators S
ι
κ
of the corresponding quantum stochastic equation in Fock space by the following
transformation
Si+ = ν
1/2
(
Gi+ +G
i
kϕ
k − ϕi
)
, S−k = ν
−1/2
(
G−k + ϕiG
i
k − ϕk
)
S−+ = G
−
+ + ϕiG
i
+ +G
−
k ϕ
k + ϕi
(
Gik − δ
i
kI
)
ϕk, Sik = G
i
k,(3.4)
induced by the canonical transformation Iν (ϕ).
The quantum state diffusion equation (2.5) for the continuous measurement of
the coordinates Qk corresponds to the particular case (2.2)of the quantum stochas-
tic differential equation in Fock space, with
Si+ = ν
1/2Gi+, S
−
k = ν
−1/2G−k
S−+ = G
−
+ + ϕiG
i
+ +G
−
k ϕ
k, Sik = δ
i
kI,
and Gi+ = Q
i, G−k = νQ
k such that all coupling constants λk = ν
1/2. are equal to
the square root of the flow intensity ν. The operators Gi+ = ϕ
iQi and G−k = Qkϕk
corresponding to the different couplings λk can also be obtained from the purely
jump model in the central limit ν 7→ ∞ as it was done in [26]. In this case
Si+ = ν
1/2 (G− I)ik ϕ
k → −iλϕiQi,
with ϕk = iλk/λ.
And finally, we have to find the operator processes Y sk , s ≤ 0 on the Hilbert space
G− which reproduce the standard Wiener noises w
t
k in the state diffusion when
our dynamical model is conditioned (filtered) with respect to their nondemolition
measurement. As the candidates let us consider the field coordinate processes
X−tk = A
+
k (−t, 0] +A
k
−(−t, 0] = T−t
(
A+k (0, t] +A
k
−(0, t]
)
Tt
which are given by the creation and annihilation processes A+ (t) and A− (t) shifted
from G+. In our Poisson space model of G they have not zero expectations
Φ†X−tk Φ = Φ
†
(
A+k (0, t] +A
k
−(0, t]
)
Φ = 2ν1/2t
in the ground state Φ = Iν (ϕ) δ∅ corresponding to the vacuum vector δ∅ in the
Fock space. This state is given as the infinite tensor product Φ◦ = ϕ⊗− ⊗ ϕ
⊗
+ of all
equal probability amplitudes ϕ− = ϕ = ϕ+ in g = C
d for each sequence υ− and
υ+. Hence the independent increment processes Y
t
k = TtY
−t
k T−t corresponding to
the standard Wiener noises wtk represented in Fock spaces as wˆ
t
k = A
+
k (t) +A
k
− (t)
are the compensated processes Y −tk = X
−t
k − 2ν
1/2t. This unitary equivalence of
Y tk and wˆ
t
k under the Fock-Poisson transformation Iν (ϕ), and the deduction given
above of the quantum state diffusion from the quantum stochastic signal plus noise
model (2.1) for continuous observation in Fock space, completes the solution of the
quantum measurement model in its rigorous formulation.
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4. Conclusion: A quantum message from the future
Recent phenomenological theories of continuous reduction, quantum state diffu-
sion and quantum trajectories extended the instantaneous projection postulate to
a certain class of continuous-in-time measurements. As was shown here, there is no
need to supplement the usual quantum mechanics with any of such generalized re-
duction postulate even in the continuous time. They all have been derived from the
time continuous unitary evolution for a generalized Dirac type Schro¨dinger equation
with a singular scattering interaction at the boundary of our Hamiltonian model,
see the recent review paper [40]. The quantum causality as a new superselection
rule provides a time continuous nondemolition measurement in the extended sys-
tem which enables to obtain the quantum state diffusion and quantum trajectories
simply by time continuous conditioning called quantum filtering. Our nondemoli-
tion causality principle, which was explicitly formulated as a causal commutativity
condition in [2, 3], admits to select a continuous diffusive classical process in the
quantum extended world which satisfies the nondemolition condition with respect
to all future of the measured system. And this allows us to obtain the continuous
trajectories for quantum state diffusion by simple filtering of quantum noise exactly
as it was done in the classical statistical nonlinear filtering and prediction theory. In
this way we derived the quantum state diffusion of a Gaussian wave packet already
in [2, 3] as the result of the solution of quantum prediction problem by filtering the
quantum white noise in a quantum stochastic Langevin model for the continuous
observation. Thus the “primary” for the conventional quantum mechanics stochas-
tic nonlinear irreversible quantum state diffusion appears to be the secondary, as it
should be, to the deterministic linear unitary reversible evolution of the extended
quantum mechanics containing necessarily infinite number of auxiliary particles.
However quantum causality, which defines the arrow of time by selecting what part
of the reversible world is related to the classical past and what is related to the
quantum future, makes the extended mechanics irreversible in terms of the injec-
tive semigroup of the invertible Heisenberg transformations induced by the unitary
group evolution for the positive arrow of time. The microscopic information dy-
namics of this event enhanced quantum mechanics, or Eventum Mechanics, allows
the emergence of the decoherence and the increase of entropy in a purely dynamical
way without any sort of reservoir averaging.
Summarizing, we can formulate the general principles of the Eventum Mechan-
ics which unifies the classical and quantum mechanics in such a way that there
is no contradiction between the unitary evolution of the matter waves and the
phenomenological information dynamics such as quantum state diffusion or spon-
taneous jumps for the events and the trajectories of the particles. This can be
described in the Schro¨dinger picture as an extended, non-stochastic unitary evo-
lution quantum mechanics with causality as a superselection rule making it time
asymmetric in the Heisenberg picture where it is described by endomorphic irre-
versible quantum dynamics in the following way:
• It is a reversible wave mechanics of the continuous unitary group evolutions
in an infinite-dimensional Hilbert space
• It has conventional interpretation for the normalized Hilbert space vectors
as state-vectors ( probability amplitudes)
• However not all operators, e.g. the dynamical generator (Hamiltonian), are
admissible as the potential observables
14 V P BELAVKIN
• Quantum causality is statistical predictability of the quantum states based
on the results of the actual measurements
• It implies the choice of time arrow and an initial state which together with
past measurement data defines the reality
• The actual observables (beables) must be compatible with any operator
representing a potential (future) observable
• The Heisenberg dynamics and others symmetries induced by unitary oper-
ators should be algebraically endomorphic
• However these endomorphisms form only a semigroup on the algebra of all
observables as they may be irreversible.
Note that the classical Hamiltonian mechanics can be also described in this way
by considering only the commutative algebras of the potential observables. Each
such observable is compatible with any other and can be considered as an actual
observable, or beable. However, the Hamiltonian operator, generating a non-trivial
Liouville unitary dynamics in the corresponding Hilbert space, is not an observ-
able, as it doesn’t commute with any observable which is not the integral of motion.
Nevertheless the corresponding Heisenberg dynamics, described by the induced au-
tomorphisms of the commutative algebra, is reversible, and pure states, describing
the reality, remain pure, non disturbed by the measurements of its observables.
This is also true in the purely quantum mechanical case, in which the Hamiltonian
is an observable, as there are no events and nontrivial beables in the conventional
quantum mechanics. The only actual observables, which are compatible with any
Hermitian operator as a potential observable, are the constants, i.e. proportional to
the identity operator, as the only operators, commuting with any such observable.
Their measurements do not bring new information and do not disturb the quantum
states. However any non-trivial classical–quantum Hamiltonian interactions cannot
induce a group of the reversible Heisenberg automorphisms but only a semigroup
of irreversible endomorphisms of the decomposable algebra of all potential observ-
ables of the composed classical-quantum system. This follows from the simple fact
that any automorphism leaves the center of an operator algebra invariant, and
thus induces the autonomous noninteracting dynamics on the classical part of the
semi-classical system. This is the only reason which is responsible for failure of all
earlier desperate attempts to build the reversible, time symmetric Hamiltonian the-
ory of classical-quantum interaction which would give a dynamical solution of the
quantum decoherence and measurement problem along the line suggested by von
Neumann and Bohr. There is no nontrivial reversible classical-quantum mechani-
cal interaction, but as we have seen, there is a Hamiltonian irreversible interaction
within the time asymmetric Eventum Mechanics..
The unitary solution of the described boundary value problem indeed induces
endomorphic semi-classical Hamiltonian dynamics, and in fact is underlying in any
phenomenological reduction model [40]. Note that although the irreversible Heisen-
berg endomorphisms of eventum mechanics, induced by the unitary propagators,
are injective, and thus are invertible by completely positive maps, and are not
mixed, they mix the pure states over the center of the algebra. Such mixed states,
which are uniquely represented as the orthogonal mixture over the ‘hidden’ vari-
ables (beables), can be filtered by the measurement of the actual observables, and
this transition from the prior state corresponding to the less definite (mixed) reality
to the posterior state, corresponding to a more definite (pure) reality by the simple
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inference is not change the reality. This is an explanation, in the pure dynamical
terms of the eventum mechanics, of the emergence of the decoherence and the re-
ductions due to the measurement, which has no explanation in the conventional
classical and quantum mechanics.
Our mathematical formulation of the eventum mechanics as the extended quan-
tum mechanics equipped with the quantum causality to allow events and trajecto-
ries in the theory, is just as continuous as Schro¨dinger could have wished. How-
ever, it doesn’t exclude the jumps which only appear in the singular interaction
picture, which are there as a part of the theory, not only of its interpretation.
Although Schro¨dinger himself didn’t believe in quantum jumps, he tried several
times, although unsuccessfully, to obtain the continuous reduction from a general-
ized, relativistic, “true Schro¨dinger” equation. He envisaged that ‘if one introduces
two symmetric systems of waves, which are traveling in opposite directions; one of
them presumably has something to do with the known (or supposed to be known)
state of the system at a later point in time’ [41], then it would be possible to de-
rive the ‘verdammte Quantenspringerei’ for the opposite wave as a solution of the
future-past boundary value problem. This desire coincides with the “transactional”
attempt of interpretation of quantum mechanics suggested in [42] on the basis that
the relativistic wave equation yields in the nonrelativistic limit two Schro¨dinger
type equations, one of which is the time reversed version of the usual equation:
‘The state vector ψ of the quantum mechanical formalism is a real physical wave
with spatial extension and it is identical with the initial “offer wave” of the trans-
action. The particle (photon, electron, etc.) and the collapsed state vector are
identical with the completed transaction.’ There was no proof of this conjecture,
and now we know that it is not even possible to derive the quantum state diffu-
sions, spontaneous jumps and single reductions from models involving only a finite
particle state vectors ψ (t) satisfying the conventional Schro¨dinger equation.
Our new approach, based on the exactly solvable boundary value problems for
infinite particle states described in this paper, resolves the problem formulated by
Schro¨dinger. And thus it resolves the old problem of interpretation of the quantum
theory, together with its infamous paradoxes, in a constructive way by giving exact
nontrivial models for allowing the mathematical analysis of quantum observation
processes determining the phenomenological coupling constants and the reality un-
derlying these paradoxes. Conceptually it is based upon a new idea of quantum
causality called the nondemolition principle [1] which divides the world into the
classical past, forming the consistent histories, and the quantum future, the state
of which is predictable for each such history.
5. Appendix
5.1. Symbolic Quantum Calculus and Stochastic Differential Equations.
In order to formulate the differential nondemolition causality condition and to derive
a filtering equation for the posterior states in the time-continuous case we need
quantum stochastic calculus.
The classical differential calculus for the infinitesimal increments
dx = x (t+ dt)− x (t)
became generally accepted only after Newton gave a simple algebraic rule (dt)
2
= 0
for the formal computations of the differentials dx for smooth trajectories t 7→ x (t).
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In the complex plane C of phase space it can be represented by a one-dimensional
algebra α = Cdt of the elements a = αdt with involution a
⋆ = α¯dt. Here
dt =
[
0 1
0 0
]
=
1
2
(σx + iσy)
for dt is the nilpotent matrix, which can be regarded as Hermitian d⋆t = dt with
respect to the Minkowski metrics (z|z) = 2Re z−z¯+ in C
2.
This formal rule was generalized to non-smooth paths early in the last century
in order to include the calculus of forward differentials dw ≃ (dt)
1/2
for continuous
diffusions wt which have no derivative at any t, and the forward differentials dn ∈
{0, 1} for left continuous counting trajectories nt which have zero derivative for
almost all t (except the points of discontinuity where dn = 1). The first is usually
done by adding the rules
(dw)2 = dt, dwdt = 0 = dtdw
in formal computations of continuous trajectories having the first order forward
differentials dx = αdt + βdw with the diffusive part given by the increments of
standard Brownian paths w. The second can be done by adding the rules
(dn)2 = dn, dndt = 0 = dtdn
in formal computations of left continuous and smooth for almost all t trajectories
having the forward differentials dx = αdt + γdm with jumping part given by the
increments of standard compensated Poisson paths mt = nt − t. These rules were
developed by Itoˆ [43] into the form of a stochastic calculus.
The linear span of dt and dw forms the Wiener-Itoˆ algebra b = Cdt + Cdw,
while the linear span of dt and dn forms the Poisson-Itoˆ algebra c = Cdt + Cdm,
with the second order nilpotent dw = d
⋆
w and the idempotent dm = d
⋆
m. They are
represented together with dt by the triangular Hermitian matrices
dt =

 0 0 10 0 0
0 0 0

 , dw =

 0 1 00 0 1
0 0 0

 , dm=

 0 1 00 1 1
0 0 0

 ,
on the Minkowski space C3 with respect to the inner Minkowski product (z|z) =
z−z
− + z◦z
◦ + z+z
+, where zµ = z¯−µ, − (−, ◦,+) = (+, ◦,−).
Although both algebras b and c are commutative, the matrix algebra a generated
by b and c on C3 is not:
dwdm =

 0 1 10 0 0
0 0 0

 6=

 0 0 10 0 1
0 0 0

 = dmdw.
The four-dimensional ⋆-algebra a = Cdt +Cd− +Cd
+ + Cd of triangular matrices
with the canonical basis
d− =

 0 1 00 0 0
0 0 0

 , d+=

 0 0 00 0 1
0 0 0

 , d =

 0 0 00 1 0
0 0 0

 ,
given by the algebraic combinations
d− = dwdm − dt, d
+ = dmdw − dt, d = dm − dw
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is the canonical representation of the differential ⋆-algebra for one-dimensional vac-
uum noise in the unified quantum stochastic calculus [24, 25]. It realizes the HP
(Hudson-Parthasarathy) table [22]
dA−dA
+ = dt, dA−dA = dA−, dAdA
+ = dA+, (dA)
2
= dA,
with products equal zero for all other pairs, for the multiplication of the canonical
counting dA = λ (d), creation dA+ = λ (d+), annihilation dA− = λ (d−), and
preservation dt = λ (dt) quantum stochastic integrators in Fock space over L
2 (R+).
As was proved recently in [44], any generalized Itoˆ algebra describing a quantum
noise can be represented in the canonical way as a ⋆-subalgebra of a quantum
vacuum algebra
dAκµdA
ν
ι = δ
κ
ι dA
ν
µ, ι, µ ∈ {−, 1, . . . , d} ; κ, ν ∈ {1, . . . , d,+} ,
in the Fock space with several degrees of freedom d, where dA+− = dt and d is re-
stricted by the doubled dimensionality of quantum noise (could be infinite), similar
to the representation of every semi-classical system with a given state as a subsys-
tem of quantum system with a pure state. Note that in this quantum Itoˆ product
formula δικ = 0 if ι = + or κ = − as δ
ι
κ 6= 0 only when ι = κ.
The quantum Itoˆ product gives an explicit form
dψψ† + ψdψ† + dψdψ† =
(
αικψ
† + ψα⋆ικ + α
ι
ja
⋆j
κ
)ι
κ
dAκι
of the term dψdψ† for the adjoint quantum stochastic differentials
dψ = αικdA
κ
ι , dψ
† = α⋆ικ dA
κ
ι ,
for evaluation of the product differential
d
(
ψψ†
)
= (ψ + dψ) (ψ + dψ)
†
− ψψ†.
Here α⋆ι−κ = α
κ†
−ι is the quantum Itoˆ involution with respect to the switch − (−,+) =
(+,−), − (1, . . . , d) = (1, . . . , d), introduced in [24], and the Einstein summation is
always understood over κ = 1, . . . , d,+; ι = −, 1, . . . , d and k = 1, . . . , d. This is
the universal Itoˆ product formula which lies in the heart of the general quantum
stochastic calculus [24, 25] unifying the Itoˆ classical stochastic calculi with respect
to the Wiener and Poisson noises and the quantum differential calculi [22, 23] based
on the particular types of quantum Itoˆ algebras for the vacuum or finite temperature
noises. It was also extended to the form of quantum functional Itoˆ formula and
even for the quantum nonadapted case in [45, 46].
Every stationary classical (real or complex) process xt, t > 0 with x0 = 0 and
independent increments xt+∆ − xt has mean values M [xt] = λt. The compensated
process yt = xt − λt, which is called noise, has an operator representation xˆt in
Fock space F0 the Hilbert space L
2 (R+) in the form of the integral with respect
to basic processes A+j , A
j
−, A
i
k such that ̥ = f (xˆ) δ∅ ≃ f (x) in terms of the L
2
µ –
Fock isomorphism f ↔ ̥ of the chaos expansions
f (x) =
∞∑
n=0
∫
· · ·
∫
0<r1<...<rn
̥ (r1, . . . rn) dy
r1 · · · dyrn ≡
∫
̥ (υ) dyυ
of the stochastic functionals f ∈ L2µ having the finite second moments M
[
|f |
2
]
=
‖̥‖
2
and the Fock vectors ̥ ∈ F0. The expectations of the Fock operators f (xˆ)
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given by the iterated stochastic integrals f coincides on the vacuum state-vector
δ∅ ∈ F0 with their expectation given by the probability measure µ:
M [f (x)] = 〈δ∅|f (xˆ) δ∅〉 = ̥ (∅) .
If its differential increments dxt form a two dimensional Itoˆ algebra, xˆt can be
represented in the form of a commutative combination of the three basic quantum
stochastic increments A = A00, A− = A
0
−, A
+ = A+0 . The Itoˆ formula for the process
xt given by the quantum stochastic differential
dxˆt = αdA+ α−dA− + α+dA
+dψ + α−+dt
can be obtained from the HP product [22]
dxˆtdxˆt† = αα†dA+ α−α†dA− + αα
−†dA+ + α−α−†dt.
The noises ytk = x
t
k − λkt with stationary independent increments are called
standard if they have the standard variance M
[
(xt)
2
]
= t. In this case
yˆtk =
(
A+k +A
k
− + εkA
k
k
)
(t) = εkm
t
k + (1− εk)w
t
k,
where εk ≥ 0 is defined by the equation (dx
t
k)
2
−dt = εdxtk. Such, and indeed higher
dimensional, quantum noises for continuous measurements in quantum optics were
considered in [47, 48].
The general form of a quantum stochastic decoherence equation, based on the
canonical representation of the arbitrary Itoˆ algebra for a quantum noise in the
vacuum of d degrees of freedom, can be written as
dψˆ (t) = (Sικ − δ
ι
κI) dA
κ
ι ψˆ (t) , ψˆ (0) = ψ ⊗ δ∅, ψ ∈ h.
Here Lικ are the operators in the system Hilbert space h ∋ ψ with S
⋆−
κ S
κ
+ = 0 for
the mean square normalization
ψˆ (t)
†
ψˆ (t) = M
[
ψ (t, ·)
†
ψ (t, ·)
]
= ψ†ψ
with respect to the vacuum of Fock space of the quantum noise, where the Einstein
summation is understood over all κ = −, 1, . . . , d,+ with the agreement
S−− = I = S
+
+, S
j
− = O = S
+
j , j = 1, . . . , d
and δικ = 1 for all coinciding ι, κ ∈ {−, 1, . . . , d,+} such that L
ι
κ = S
ι
κ − δ
ι
κI = 0
whenever ι = + or κ = −. In the notations Sj+ = L
j, S−+ = −K, S
−
j = −Kj,
j = 1, . . . , d the decoherence wave equation takes the standard form [36, 50]
dψˆ (t) +
(
Kdt+KjdA
j
−
)
ψˆ (t) =
(
LjdA+j +
(
Sik − δ
i
kI
)
dAki
)
ψˆ (t) ,
where A+j (t) , A
j
− (t) , A
k
i (t) are respectively the canonical creation, annihilation
and exchange processes in Fock space, and the normalization condition is written
as LkL
k = K+K† with L†k = L
k (the Einstein summation is over i, j, k = 1, . . . , d).
Using the quantum Itoˆ formula one can obtain the corresponding equation for
the quantum stochastic density operator ˆ̺ = ψψ† which is the particular case
κ = −, 1, . . . , d,+ of the general quantum stochastic Master equation
dˆ̺ (t) =
(
Sιγ ˆ̺ (t) S
⋆γ
κ − ˆ̺ (t) δ
ι
κ
)
dAκι , ˆ̺ (0) = ρ,
where the summation over κ = −, k,+ is extended to infinite number of k = 1, 2, . . ..
This general form of the decoherence equation with L⋆−κ L
κ
+ = O corresponding to
the normalization condition 〈ˆ̺ (t)〉 = Trρ in the vacuum mean, was recently derived
QUANTIM TRAJECTORIES AND DIFFUSION 19
in terms of quantum stochastic completely positive maps in [36, 50]. Denoting
L−κ = −Kκ, L
⋆ι
+ = −K
ι such that K†ι = K
ι, this can be written as
dˆ̺ (t) + Kκˆ̺ (t) dA
κ
− + ˆ̺ (t)K
ιdA+ι =
(
Ljκˆ̺ (t) L
⋆ι
j − ˆ̺ (t) δ
ι
κ
)
dAκι ,
or in the notation above, K+ = K,K
− = K†, Lk+ = L
k, L⋆−k = Lk, L
⋆i
k = L
k†
i as
dˆ̺ (t) +
(
Kˆ̺ (t) + ˆ̺ (t) K† − Lj ˆ̺ (t) Lj
)
dt =
(
Sjk ˆ̺ (t) S
†i
j − ˆ̺ (t) δ
i
k
)
dAki
+
(
Sjk ˆ̺ (t) Lj −Kkˆ̺ (t)
)
dAk− +
(
Lj ˆ̺ (t) S†ij − ˆ̺ (t)K
i
)
dA+i ,
with K + K† = LjL
j , Lj = L†j , L
†i
k = L
k†
i for any number of j’s, and arbitrary
Kj = K†j , L
i
k, i, j, k = 1, . . . , d. This is the quantum stochastic generalization
of the general form [51] for the non-stochastic (Lindblad) Master equation corre-
sponding to the case d = 0. In the case d > 0 with pseudo-unitary block-matrix
S= [Sικ]
ι=−,◦,+
ν=−,◦,+ in the sense S
⋆ = S−1, it gives the general form of quantum sto-
chastic Langevin equation corresponding to the HP unitary evolution for ψ (t) [22].
The nonlinear form of this decoherence equation for the exactly normalized den-
sity operator ρˆ (t) = ˆ̺ (t) /Trhˆ̺ (t) was obtained for different commutative Itoˆ al-
gebras in [9, 30, 25].
References
[1] V.P. Belavkin, Nondemolition Principle of Quantum Measurement Theory. Foundations of
Physics, 24, No. 5, 685–714 (1994).
[2] V. P. Belavkin, Optimal Measurement and Control in Quantum Dynamical Systems. Preprint
No. 411, Inst. of Phys.., Nicholas Copernicus University, Torun’, February 1979. Published
in Rep. Math. Phys., 43, No. 3, 405–425, (1999).
[3] V. P. Belavkin, Quantum Filtering of Markov Signals with Wight Quantum Noise. Radiotech-
nika and Electronika, 25, 1445–1453 (1980). Full English translation in: Quantum Commu-
nications and Measurement. V. P. Belavkin et al, eds., 381–392 (Plenum Press, 1994).
[4] V. P. Belavkin, In: Information Complexity and Control in Quantum Physics, ed. A.
Blaquie`re, 331–336 (Springer-Verlag, Udine 1985).
[5] V. P. Belavkin, In: Modelling and Control of Systems, ed. A. Blaquie`re, Lecture Notes in
Control and Information Sciences, 121, 245–265, Springer 1988.
[6] L. Diosi, Phys. Rev. A, 40, 1165–74 (1988).
[7] N. Gisin. Helv. Phys. Acta, 62, 363 (1989).
[8] V. P. Belavkin, In: Stochastic Methods in Experimental Sciences, W. Kasprzak and A. Weron
eds., 26–42 (World Scientific, 1990); A Posterior Schro¨dinger Equation for Continuous Non-
demolition Measurement. J. Math. Phys. 31, 2930–2934 (1990).
[9] V. P. Belavkin, Stochastic Posterior Equations for Quantum Nonlinear Filtering. In: Prob.
Theory and Math. Stat., ed. B Grigelionis et al., 1, 91–109, VSP/Mokslas, Vilnius 1990.
[10] E. Wigner. Am. J. Phys. 31, 6 (1963).
[11] N. Gisin, Quantum Measurement and Stochastic Processes. Phys. Rev. Lett., 52, No. 19,
1657–60 (1984).
[12] N. Gisin & I. C. Percival, The Quantum State Diffusion Model Applied to Open systems. J.
Phys. A: Math. Gen. 25, 5677–91 (1992).
[13] N. Gisin & I. C. Percival, The Quantum State Diffusion Picture of Physical Processes. J.
Phys. A: Math. Gen. 26, 2245–60 (1993).
[14] H. J. Carmichael, An Open System Approach to Quantum Optics, Lecture Notes in Physics,
m18 (Springer, Berlin, 1993).
[15] H. M. Wiseman & G. J. Milburn. Phys. Rev. A 47, 642 (1993).
[16] P. Goetsch & R. Graham, Quantum Trajectories for Nonlinear Optical Processes. Ann.
Physik 2, 708–719 (1993).
[17] H. M. Wiseman & G. J. Milburn. Phys. Rev. A 49, 1350 (1994).
20 V P BELAVKIN
[18] H. J. Carmichael. In: Quantum Optics VI, ed J. D. Harvey and D. F. Walls (Springer, Berlin,
1994).
[19] P. Goetsch & R. Graham, Linear Stochastic Wave Equation for Continuously Measured
Quantum Systems. Phys. Rev. A 50, 5242–55 (1994).
[20] P. Goetsch, R. Graham, & F. Haake, Schro¨dinger Cat and Single Runs for the Damped
Harmonic Oscillator. Phys. Rev. A, 51, No. 1, 136–142 (1995).
[21] C. W. Gardiner, Quantum Noise. Springer-Verlag, Berlin Heidelberg 1991.
[22] R. L. Hudson & K. R. Parthasarathy, Quantum Itoˆ’s Formula and Stochastic Evolution.
Comm.Math. Phys., 93, 301–323 (1984).
[23] C. W. Gardiner & M. J. Collett. Phys. Rev. A, 31, 3761 (1985).
[24] V. P. Belavkin, A New Form and a ⋆-Algebraic Structure of Quantum Stochastic Integrals
in Fock Space. Rediconti del Sem. Mat. e Fis. di Milano, LVIII, 177–193 (1988).
[25] V. P. Belavkin, Quantum Stochastic Calculus and Quantum Nonlinear Filtering. Journal of
Multivariate Analysis, 42, No. 2, 171–201 (1992).
[26] V. P. Belavkin & O. Melsheimer, A Stochastic Hamiltonian Approach for Quantum Jumps,
Spontaneous Localizations and Continuous Trajectories. Quantum and Semiclassical Optics
8, 167–187 (1996).
[27] V. P. Belavkin, Quantum Continual Measurements and a Posteriori Collapse on CCR. Com.
Math. Phys., 146, 611–635 (1992).
[28] R. L. Stratonovich, Conditional Markov Processes and Their Applications to Optimal Con-
trol. Moscow State University, Moscow 1966.
[29] V. P. Belavkin, A New Wave Equation for a Continuous Nondemolition Measurement. Phys.
Lett. A, 140, 355–358 (1989).
[30] A. Barchielli & V. P. Belavkin, Measurements Continuous in Time and a posteriori States
in Quantum Mechanics. J. Phys. A: Math. Gen. 24, 1495–1514 (1991).
[31] I. Persival, Quantum State Diffusion. Cambridge University Press, 1999.
[32] V. P. Belavkin & P. Staszewski, A Quantum Particle Undergoing Continuous Observation.
Phys. Lett A. 140, 359–362 (1989).
[33] V. P. Belavkin & P. Staszewski, Nondemolition Observation of a Free Quantum Particle.
Phys. Rev. 45, No. 3, 1347–1356 (1992).
[34] D. Chruscinski & P. Staszewski, On the Asymptotic Solutions of the Belavkin’s Stochastic
Wave Equation. Physica Scripta. 45, 193–199 (1992).
[35] V. N. Kolokoltsov, Scattering Theory for the Belavkin Equation Describing a Quantum Par-
ticle with Continuously Observed Coordinate. J. Math. Phys. 36 (6), 2741–2760 (1995).
[36] V. P. Belavkin, A Dynamical Theory of Quantum Continuous Measurements and Sponta-
neous Localizations. Russ Journ of Math Phys 3 (1), 3–24 (1995).
[37] V. P. Belavkin, In: New Development of Infinite-Dimensional Analysis and Quantum Prob-
ability, RIMS Kokyuroku 1139, 54–73, April, 2000; Quantum Stochastics, Dirac Boundary
Value Problem, and the Inductive Stochastic Limit. Rep. Math. Phys., 46, No.3, 359–382
(2000).
[38] V. P. Belavkin, In: Evolution Equations and Their Applications in Physical and Life Sci-
ences, G Lumer and L. Weis eds., Lect. Notes in Pure and Appl. Math. 215, 311–327 (Marcel
Dekker, Inc., 2001).
[39] V. P. Belavkin & V. N. Kolokoltsov, Stochastic Evolutions as Boundary Value Problems. In:
Infinite Dimensional Analysis and Quantum Probability, Research Institute for Mathematical
Studies, Kokyuroku 1227, 83–95 (2001).
[40] V. P. Belavkin, Quantum Causality, Stochastics, Trajectories and Information. Rep. Prog.
Phys. 65, 353–420 (2002).
[41] E. Schro¨dinger, Sitzberg Press Akad. Wiss. Phys.–Math. Kl. 144-53 (1931).
[42] J. G. Cramer, Rev. Mod. Phys., 58, 647–87 (1986).
[43] K. Itoˆ, On a Formula Concerning Stochastic Differentials. Nagoya Math . J., 3, 55-65, (1951).
[44] V. P. Belavkin, On Quantum Itoˆ Algebras and Their Decompositions. Lett. in Math. Phys.
45, 131–145 (1998).
[45] V. P. Belavkin, A Quantum Nonadapted Itoˆ Formula and Stochastic Analysis in Fock Scale.
J. Func. Anal., 102, No. 2, 414–447 (1991).
[46] V. P. Belavkin, The Unified Itoˆ Formula Has the Pseudo-Poisson Structure. J. Math. Phys.
34, No. 4, 1508–18 (1993).
[47] C. W. Gardiner, A. S. Parkins, & P. Zoller. Phys. Rev. A 46, 4363 (1992).
QUANTIM TRAJECTORIES AND DIFFUSION 21
[48] R. Dunn, A. S. Parkins, P. Zoller, & C. W. Gardiner. Phys. Rev. A 46, 4382 (1992).
[49] V. P. Belavkin, On Stochastic Generators of Completely Positive Cocycles. Rus. J. Math.
Phys., 3, 523–528 (1995).
[50] V. P. Belavkin, Quantum Stochastic Positive Evolutions: Characterization, Construction,
Dilation. Comm. Math. Phys., 184, 533–566 (1997).
[51] G. Lindblad, On The Generators of Quantum Stochastic Semigroups. Commun. Math. Phys.,
48, pp. 119–130 (1976).
Mathematics Department, University of Nottingham, NG7 2RD, UK
E-mail address: vpb@maths.nott.ac.uk
URL: http://www.maths.nott.ac.uk/personal/vpb/
